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Let for a, B, Yy > =1 and n 2 k 2 0 the orthogonal polynomials

’Y(u,v) be defined as polynomials in u and v with "highest" term

Ik which are obtained by orthogonalization of the sequence

2 2 3 2 . . .
, V, u, uv, v, u’, u'v, ..... with respect to the weight function
+v)a(]+u+v)6(u2-4v)Y on the region bounded by the lines 1 = u + v =0

1 + u+ v =0 and by the parabola u2 - 4v = 0. Two explicit linear

ial differential operators D?’B’Y and D%’B’Y of orders two and four,
actively, are obtained such that the polynomials pz’E
nfunctions of D?’B’Y and Da’B’Y. It is proved that if a differential
ator D has the polynomials piZi

’Y(u,v) are

’Y(u,v) as eigenfunctions then D can be

assed in one and only one way as a polynomial in D?’B’Y and D%’B’Y.

special case y = -} can be reduced to Jacobi polynomials by the
: a’si—% - (Q,B) (a’B)
tity Pn,k (x+y,xy) const.(Pn (x) Pk (y) +

1 . .

’B)(x) Piu’s)(y)). For certain values of o, B, Yy and in terms of the
dinates s, t, where u = cos s + cos t, v = cos s cos t, the operator
Y is the radial part of the Laplace-Beltrami operator on certain

act Riemannian symmetric spaces of rank two.
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Introduction

Compared with orthogonal polynomials in one variable very few things
tnown about orthogonal polynomials in several variables. A short

ey of the subject can be found in the Bateman project [3, Chap. 121.

he twenty years after the publication of this reference not many new
l1ts have been obtained. However, it seems to the author that there
still quite a lot of interesting problems on orthogonal polynomials
everal variables, both in the general theory and in the study of the
ial cases. Especially those aspects of the field which are not trivial
nsions of the one-variable case would be worthwile to consider.

In the one-variable case the so-called classical orthogonal poly-

als are characterized by the property that these polynomials are eigen-
tions of a second order linear differential operator (cf. Bochner [2],
1yi [3, § 10.6]. Krall and Scheffer [5] generalized this property to
case of orthogonal polynomials in two variables as follows.

the class Hn of orthogonal polynomials of degree n on a two-dimensional
on R with respect to a positive weight function w consist of all poly-

als p(x,y) of degree n such that

” p(x,y) x yJ w(x,y) dx dy = 0 if i +j<n.
R

_ these orthogonal polynomials may be called classical if there exists
near second order partial differential operator D in two variables for
h each class Hn is an eigenspace, i.e. Dp = Anp for all p € Hn'

1 and Scheffer [5] classified all such differential operators D. Not
cases of interest can be obtained in this way. This can be seen from
example that Hn is spanned by the products Péfﬁs)(x) Péu’s)(y),
0,1,...,n, of two Jacobi polynomials. In this simple case and in

ral less trivial examples there still exists a linear second-order
ial differential operator D in two variables such that each class Hn
.panned by eigenfunctions of D. But no longer two eigenfunctions
mging to the same class Hn need to have the same eigenvalue. If such

perator D exists for a particular class of orthogonal polynomials and
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£ all eigenvalues of D have multiplicity one then there is a natural way
.0 choose an orthogonal basis for each class Hn. This should be compared
rith the case of general orthogonal polynomials in two variables. Then
here is usually no distinguished way to choose an orthogonal basis for
k (cf. Erdélyi [3, § 12.1]).

The concept of '"classical" orthogonal polynomials in two variables
s introduced by Krall and Scheffer may be further modified. In the
resent paper and in one or more subsequent papers the author will con-
ider examples of orthogonal polynomials in two variables, where for each

lass Hn an orthogonal basis {pn,O’ P 1s5eces pn,n} is chosen such that

he following holds. There exist two Zi;ebraically independent partial
ifferential operators D] of order two and D2 of arbitrary non-zero order
uch that the polynomials pn’k(x,y) are joint eigenfunctions of D1 and D2.
In the example considered in the present paper the second order
perator Dl is related to compact Riemannian symmetric spaces of rank two.

part from the two independent variables the operator D1 = D?’S’Y depends

n three parameters o, B, y. It turns out that the operator Dz = D;’BsY

as order four. The joint eigenfunctions pz’i’Y(u,v) of Da’B’Y and
t

;’B’Y are polynomials in u and v with "highest" term u" vk which are

btained by orthogonalization of the sequence

2 . . .
s Uy, V, u , uv, v , u3, U V,..... With respect to the weight function

1-u+v)0‘(l+u+v)8(u2—4v)Y on a region bounded by the two perpendicular
traight lines 1 =u + v =0, 1 + u + v =0 and by the parabola u2 -4v =0
>uching these lines. For reasons of convergence it is required that
» B, Y > -1, These polynomials pg:E’Y(u,v) form a large interesting class
I orthogonal polynomials in two variables which resembles the class of
icobi polynomials Pia’s)(x). If vy = -} then the polynomials piZi’Y(u,v)
in be expressed in terms of Jacobi polynomials by the identity
28 oy, xy) = conse. (%) (x) Pﬁ“’s)éyé + 2\ () p(®:8) gy,
s
k

)r general values of y the polynomials P, ’Y(u,v) are not yet known in

me explicit form, but the differential equations satisfied by these

lynomials can be proved from the orthogonality properties.
ayB,Y
1

ansformed into algebraic form. § 3 deals with the special case y = =4,

In § 2 of this paper the operator D is introduced and it is
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4 we prove that the polynomials pz’E’Y(u,v) are eigenfunctions of
H]

)Y, Next, in § 5 the fourth order operator D%’B’Y is obtained as the

uct DQ’B’Y = DQ’B’YDZ’B’Y of two second order operators. These

ators Di’B’Y and DE’B’Y have the property that
3Y 05 BsY _ a+l.B+1,Yy a,B,y otl,B+1,y _ 058,y
Pn,k const. Pn—l,k—l and D+ Pn—l,k-l const, pn,k .

1lly, in § 6 a theorem is proved stating that each differential

ator which has for fixed a, B, Y all polynomials pz:i’y as eigen-—
tions can be expressed in one and only one way as a polynomial in the
ators D?’ny and D;’B’Y.

The results of this paper might be applied to certain compact
annian symmetric spaces of rank two in order to characterize the
rical functions on these spaces as orthogonal polynomials and to
in an explicit expression for an invariant differential operator on
. a space which is independent of the Laplace-Beltrami operator.

In one or more forthcoming papers the author will consider other
iples of orthogonal polynomials which are eigenfunctions of two inde-
lent partial differential operators. Some of these examples are rather
lentary, because the polynomials can be written as products of Jacobi
momials and of elementary functions. However, one particular example
1s to be much deeper. In this example the operator D1 is also related
.ompact symmetric spaces of rank two and the region of orthogonality is
interior of the so-called Steiner hypocycloid.

Yet another paper can be announced in which Ida Sprinkhuizen will
:inue the analysis of the polynomials pz:i’y(u,v).introduced in the
sent paper. Among her results will be a Rodrigues type formula, the
Iratic norm of pzzi’Y(u,v) and the value of pi:E’Y(Z,l).
ition. Throughout this paper the order o, B, y may be deleted as upper

»x of a function or operator if no confusion is possible. For instance,

nay write pn,k(u,v) instead of pi:E’Y(u,v).




!« The second order operator D1

Consider for arbitrary real numbers a, B, y the function

'2.1) W BV (s,t) = (sin }s sin $)2%*!

. (cos }s cos %t)28+1 (sin i(s+t) sin %(t—s))2Y+]

0<s<t<m,

nd the second order partial differential operator

B,y _ 1 i a,B,Y _@_ i a,B,Y _2_
2.2) D, L Py [as(w ’ (s,t)as)+ Bt(w ? (s,t)at)].
w (s,t)

ormula (2.2) can be written in explicit form as

2 2
2.3) Da’B’Y =2 + 2
N 852 Btz

+

[(o+3) cotg §s — (B+}) tg is + (y+}) cotg }(s+t)

+

(r+]) cotg 4(s=)] 5=

+

[(a+3) cotg it — (B+}) tg it + (y+}) cotg i(t+s)

-+

(y+3) cotg é(t—s)]g% .

lthough the operator D1 is defined by (2.2) only if 0 < s < t < m, it
ollows from (2.3) that D1 has a unique analytic continuation for all
omplex values of s and t except possibly on the singular lines sin s = 0,
in t = 0, sin }(s+t) = 0, sin %(s—t)/= 0.

The operator Dl has the following interpretation on certain symmetric
paces. Consider a compact Riemannian symmetric space of rank two for
hich the restricted root vectors have Dynkin diagram 0 = 0 (cf. Araki
1, pp. 32,33]). The corresponding vector diagram is then given by

igure 1.
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ed roots A

1 ZAI and Az in figure 1 have multipl
and 2y + 1, respectively.

from Harish-Chandra [4, p. 270, Corollary 1] tha
given by (2.2) denotes the radial part of the La

r on such a symmetric space. The values of a, B,

its an interpretation on a symmetric space can b

a,B,Y
1
om an analytic point of view for arbitrary real

p. 32, 33]. In the following the operator D

r lines of D1 divide the (s,t)-plane into triang

les w/2, /4, /4 (cf. figure 2).
At
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figure 2
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The operator D, is invariant under reflections with respect to the singu-
lar lines. If a function f depending on s,t and defined for all real
values of s,t is invariant under reflections with respect to these lines

then, equivalently, f satisfies for all s,t the symmetry relations

f(s+2m,t) = f(s,t) , f(s,t+2m) = f(s,t) ,
(2.4) f(-s,t) = f(s,t) , f(s,-t) = f(s,t) ,
f(t,s) = f(s,t) .

set R denote the triangular region
'2.5) R = {(s,t) | 0<s<t<m},

[f £ is continuous and satisfies (2.4) then f is completely determined by
.ts restriction to R.
The function w defined by (2.1) is positive on the region R. The

.ntegral

JJ WG’B’Y(s,t) ds dt
R

.s finite if and only a, B, y > -1. From now on it will always be supposed
‘hat a, B and y satisfy this inequality. The theorem below states that the
)perator D1 is self-adjoint on R with respect to the weight function w and

‘or an appropriate class of functionms.

HEOREM 2.1. Let a, B, y > =1. Let f and g be functions depending on s,t

atisfying (2.4) which have continuous second derivatives. Then

2:6) JJ (D?’B’Y £) g WP Y(s,t) ds dt
R

= jj £ (D?’B’Y g) wa’B’Y(s,t) ds dt .
R
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f. Let for positive and sufficiently small § R be a
on similar to and included in R such that the sides of
ances 6 from the respective sides of R. Integration by

ication of Gauss's theorem gives

[J (le) g wds dt = JJ ((Wfs)S + (Wft)t)g ds dt

RG R5
- || (g +fg wdsdt+ 0 Egwal
s°s t°t on '
R6 3R6

ollows from (2.4) that on the boundary BR(S of R6 %% =

on

BR6

e, by letting 8§ + 0 it follows that

Ji@- g wdl = o(s2min(@:By) + 2y e 50,

”(le) g wds dt = - ”(fsgS + ftgt) w ds dt.
R R

milar equality can be derived by reversing the roles o

mla (2.6) follows. Q.e.d.

et us transform the operator D1 into algebraic form by

on
) X = cOS S , y = cos t .

transformed operator will also be denoted by D] and it

2 2
)y p%BY ol oyt
1 2 2
ox oy
2

1-x
X~y

+ 0B - o = (a+Br2)x + (2y+1) T2] 2=




2.
cy - 1=y", 8
# 18 = a = (ge2)y + (2r+1) <20 o

n terms of the function

+1
2.9) n® P2 Y (x,5) = (100 (1430 B(1=y) * (1 43) B (xmy) 2T+
e can also write

2.10) p%2BsY _ —1 f—x((l-xz)ma’s’y(x,y) ga;)

: ma’B’Y(x,Y)

8, 3
" ,j’—y ((=-yHn** B2 Y (x,y) =7 -

—]<y<x<1 R

The mapping (s,t) - (x,y) defined by (2.7) is a regular one-to-one

apping from each square region {(s,t) | km < s <(k+1)m, 1m < t <(1l+1)7m} ,

s1 integers, onto the square region {(x,y) ] -1 <x<1, -1 <y< 1},

n particular, the region R in the (s,t)-plane defined by (2.5) is mapped

n a one-to-one and regular way onto the triangular region

(x,y) | =1 <y < x < 1}, which will also be denoted by R (cf. figure 3).

Hy
(—]sl) (]9])

¥ %

i

(—],_]) -]:_1)

figure 3

Note that if f is a function in s and t, defined for all real values

" s and t and satisfying (2.4) then there is a unique function g in x and

- defined for x,y € [-1,+1] and satisfying g(x,y) = g(y,x), such that

cos s, cos t) = f(s,t) for all real s and t. Conversely if g is a

mmetric function in x and y, defined for x,y € [-1,+1], then the func-
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y f(s,t) = g(cos s, cos t) sat

ayByY sBsY

o
ns w and m are relat

B+2y+3 wa,B O

’Y(s,t) ds dt = m

se: symmetrized products of Ja

lynomial Pia’B)(x) of degree n
is an orthogonal polynomial of
spect to the weight function (
(a,B) _ ,0+n
OBy = T w

follows. Let pi’g(x) = const.

given by P

erms of lower degree. Then

2n + o + B
n

Yx) = 27 ( ) PP

e following pair of differenti

1s:

B = a1 e
o ax) R Ed; [C1-x)%  (14x) B

n+o+B+1) Pi’B(X) .

ormulas (4.21.7) and (4.10.1)]
2) into the left hand side of

al equation

o+l )B+l

(1w P ﬁ% [(1-x)" "(1+x
(nvotg1) p37PC0)

n also be written in the form

(2.4).
the identity

y) dx dy

olynomials

f order (a,B
e n on the i
l+x)8. The u
se a differe

(x) such tha

urrence rela

B+](x)]

substituting

we obtain th

Pl




_lo_

2

3.5 L0 S5+ (8 - o~ g 7P
dx

= - n(nta+p+1) 2P (x)

cf., [6, formulas (4.2.1) and (4.2.2)]).
It is evident from (2.8) and (3.5) that

3.6) D?’B’-% pZ’B(X) pﬁ’e(y)

= (= n(nto+B+1) =~k(k+a+B+1)) pi’eX) Pi’s(y) .

he polynomials pz’B(x) pﬁ’s(y) are orthogonal polynomials in two
ariables on the square region {(x,y) I -1 <x<1, -1 <y < 1} with

espect to the weight function (l-x)a(l+x)6(1-y)u(1+y)8. Let the

0"lfi’_i(x,y) be defined by

ymmetric polynomial P,
H

Pz’B(X) pi’s(y) + pz’s(x) pi’s(y) if n>k

3.7) ;z’i’—%(x,y) -
H
a,B a,B . =
P (x) p " (y) if n=k.
hen by (3.6) the polynomial Si’i’—%(x,y) is also an an eigenfunction of
2,8,~4 We have ’
l L]
3.8) % Bs7d 3% Bsmh | nraspe1) —k(krarpen)) PP
* 1 n,k n,k *
£ (n,k) # (m,1) then
~o,B,-4 ~a,B,-4 ayB,=% =
3.9) JJ pn,k (x,y) pm’1 (x,5) m (x,y) dx dy = 0 ,
R
here R is the region {(x,y) I -1 < y < x < 1} and where the weight func-
a,B,-}

ion m is given by formula (2.9).

Let N be the set of all pairs of integers (n,k) such that n >k = 0
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ose that N is lexicographically ordered. This means that (n,k) > (m,1)
ither n >mor n =m and k > 1,

Each symmetric polynomial p(x,y) is a linear combination of the

. . n k k n

etric polynomials xy + xy , (n,k) € N.

p(x,y) = I e G
(m,l)S(n,k) ’

, (my1) € N, such that ¢

l1m . . .
+ x'y ) for certain coefficients

nk * 0. Then we say that the symmetric poly-
9
al p(x,y) has (symmetric) degree (mn,k).

In particular, the symmetric polynomial Sa’B’—%(x,y) defined by (3.7)

n,k ~a S -1
symmetric degree (n,k). The term of highest degree of p ’k’ *(x,y) is
kn . nn . Rt

+xy if n>kand xy 1if n = k.

polynomials ;z’i’_%(x,y) can be obtained by orthogonalization of the
]
ence 1, x+y, Xy, x2+y2, X y+xy2, x2y2, x3+y3,..... with respect to the

a;Bs—%

ht function m on the region R. ‘
Let us consider next arbitrary polynomials q(u,v) in the two
ables u and v. Each polynomial q(u,v) is a linear combination of the
nomials un_kvk, (n,k) € N. Let
um—lvl

a(u,v) = m, 1

(m,1)<(n,k)
certain coefficients Cm,l , (m,1) € N, such that cn,k # 0. Then we say
. the polynomial q(u,v) has degree (n,k). Note that a polynomial of
‘ee (n,k) has ordinary degree n.

By v.d. Waerden [7, § 33] each symmetric polynomial p(x,y) can be
‘ten in one and only one way as a polynomial in the so-called elementa-

jymmetric polynomials x + y and xy.

A 3.1, Letu=x+y, v=xy. Let the symmetric polynomial p(x,y) and
polynomial p(u,v) be related by the identity P(x,y) = p(u,v). Then the
letric degree of P(x,y) is equal to the degree of p(u,v). If this

‘ee is (n,k) then the coefficient of xnyk + xkyn (or of xnyn if n = k)
P(x,y) is equal to the coefficient of un-kvk for p(u,v).

'f. Let (n,k) € N. We shall express u kvk as a linear combination of

1

momials xmyl + X ym. If n = k then v" = xnyn. If n > k then it follows
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y the binomial formula that

n-k k k n-k n-k k
u v (x +y

= )" )" =

[4(n-k)] s .
+ .zl ci(xn k 1y1 + le
i= '

) (xy)

nmk=iy ey ¥

>r certain coefficients c; Hence

-k k _ nk [1(n-k)]
u vV =Xy +xy + c;

i=1

(Xn—iyk+i+xk+iyn-i)
= xnyk + xkyn + polynomial of symmetric degree less than (n,k).
1is proves the lemma. Q.e.d.
The transformation
}.10) u=x+y, V =Xy
ips the region R in the (x,y)-plane in a one-to-one and regular way onto

le region {(u,v) | -v-1 < u < v+l, u2-4v > 0}, which will also be denoted

r R (cf. figure 4).

(=2,1) (2,1)

figure 4
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n is bounded by two perpendicular lines and a parabola which

e two lines. Let the weight function ua’B’Y be defined by

ua’B’Y(u,v) du dv = ma’B’Y(x,y) dx dy on R,

%(u,v) = EZ’E’_i(x,y). Then by Lemma 3.1 the functions
H

v) are polynomials of degree (n,k) in u and v and the coeffi

is equal to 1. If (n,k) # (m,1l) then using (3.9) and (3.12)

rthogonality relation

JJ Pz:E,T%(u,V) pi:ﬁ’—%(usv) uu’B,—%(u’v) dudv =0 .
R

-1
%585 2(u,v) can be obtained by orthogonalizatio

k
Vdd 3 : .
ce 1, u, vy u, uwv, v, u ,..... on the region R with respec

polynomials p

function ua’B’_%.
-1
generalization of the polynomials pi’i’ ?(u,v) we define for
H
and (n,k) € N the polynomial pi’E’Y(u,v) by the conditions
3

n--kvk + polynomial of degree less than (n,

Q,E’Y(u,v) = qu

Pn’

o,B

JJ pz’i’Y(u,v) q(u,v) u ’Y(u,v)‘du dv =0

R

if q(u,v) is a polynomial of degree less than (n,k).
<

nclude this section by deriving a fourth order differential

‘hich has the polynomials 5§’E’
H

om (3.2) and (3.3) that

-1
?(x,y) as eigenfunctions. It
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32 ~0‘ 5By % = ~OL+1,B+],"%
3.15) a—xT}? n k (X,Y) Pn_l’k_l (XSY)
nd
=0 2 at+l
3.16) ((1-x) (1-y)) ((1+x)(1+y)) [((1 =-x) (1-y))
C (e ayn) P BT )
= (avarpel) Crasg) B0 50 Ha,y)
ence
-0, -B 82 a+l
3.17) ((1=x) (1=y)) “((1+x) (14y)) * == -x) (1-y))
' R+1 32 B,—1
. ((1+x) (1+y)) 20 A(x,y)]

9x3y “mn,k
=n k (n+o+B+1) (k+a+B+1) P 2(x,y) .
n,k

n 8§ 5 the last three formulas will be generalized to the cas

rary vy.

. The eigenfunctions of the second order operator D

1

If the operator D?’B’Y given by (2.8) is expressed in te:

>ordinates u,v (cf. formula 3.10) then we obtain

2 2
, By _ (2 S L oo d
o 1) D] = (=u +2v+2) 3u2 + (=2uv+2u) T

+ (l-2vP-2v) Lo+ [- (a+B+2y+3)u + (28-20)] 2
ov

* [(B-a)u = (20+28+2y+5)v - (2y+1)] g%- )
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‘his section it will be proved that the polynomials pz’

OsByY ?

] . The proof

ned by (3.14) are eigenfunctions of D

lemmas.

A 4.1, If D?’B’Y is given by (4.1) and if (n,k) € N t

) Df’B’Y(u“'kvk) = [-n(n+o+B+2y+2) -k(k+a+B+1)]

+ polynomial of degree less than (n,k).

A 4.2. Let a,B,y > —-1. For arbitrary polynomials p(u,

i0lds that
D) JJ (D?’B’Yp(u,V)) q(u,v) ua’B’Y(u,V) du dv
R

= JJ p(u;v)(D?’B’Yq(u,v)) 1BV (4 v) du dv .
R

Lemma 4.1 follows immediately from (4.1). Lemma 4.2 f

yrem 2,1 and from formulas (2.11) and (3.11).
)REM 4.3. Let a,B,y > -1 and (n,k) € N. Then

l.) DOL:BsYpCL,B:Y = ["n(n+06+6+2Y+2) _k(k+a+8+l)] pa’
1 n,k n,

B,y 0,8
1 pn,k
‘ee (n,k). Let (m,1) ¢ N and (m,1) < (n,k). Then it fol

1@ 4.2 and formula (3.14) that

'f. By Lemma 4.1 the function D ’Y(u,v) is a

JJ (D, Pi,i’Y) Pg’ﬁ’y uu’B’Y du dv
H] H
R

= a,B,Y oy B,y a,B,Y =
JJ Pn,k (D] pm’1 ) u du dv 0.
R

V)

ed on

. q(u,v

v from

mial ¢
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0,8

1 Pn,k oo By BBy

olynomials of lower degree, so D, p_’"°'(u,v) = const. p_° 2" (u,v).
1 Pn,k n,k

ence D ’Y(u,v) is a polynomial of degree (n,k) orthogonal to all

he value of the constant follows from (4.2). Q.e.d.

. The fourth order operator D

2

In this section we shall generalize the formulas (3.15), (3.16) and
ayB,Y

3.17) by finding second order differential operators Di’B’Y and D

ich that

DasB9Y PQ’B’Y = atl,B+1,y

_ n,k const. Pn—l,k-l and
0y B,y _atl,B+1,y _ o5 By
D+ Pn—l,k—l const., pn,k .

2en DQ’B9Y D“sB’Y
: + _

1585y
1,k

is a fourth order operator which has the polynomials
as eigenfunctions.

Let us define

5.]) D?QB’Y = DI = ;____LE;:T_[gi((X_y)2Y+] é%? + g%((x_y)2Y+] g%)]
(x=y)

ad

5.2) p%*F2Y = ((1=x) (1-y)) " ((14x) (i+)) ™8 D

. (=) =y ) (14y)) BT

1ese operators are generalizations of the differential operators in (3.15)

d (3.16), respectively.

MMA 5.1. Let a,B,y > =1, For arbitrary symmetric polynomials p(x,y) and
‘X,y) it holds that

a+1,pB+1

1.3) JJ @Y p(x,y)) a(x,y) m *Y(x,y) dx dy =

R




= JJ p(x,y) (0% q(x
R

f. Let Q(x,y) = ((1-x)(

. we have to prove that

] oy 2y+]
{J [3; ((x-y)

- [] o1& 6w
R

te the left hand side of

2° Let

O

_ ([ op o
Iy = JJ G
R

<l

dR denote the boundary o

s's theorem gives

I, =1+ § (x-y
oR

12 = 13 + § (x-y
oR

he sides y = -1 and x =

sh for y = -1 and Q and -

ently vanish on the side

the normal derivatives

I, =1

roved that I] 3 9

If the operators Dz and

btain the formulas

-17~

La’B’Y(x,y) dx dy .

Tz (149)) B

‘iL_ _on2v+] 22
55 (G 3R

%o " gg ((x-y)

2y+1

equality by Il and

Y e ax ay

ntegration by part

d 0
Q GEdy - 22 ax)

oQ - 9Q
P ('5-}; d 3% dX)

contour integrals
ish for x = 1. The

if vy > =}, Otherw
nd Q on the line x

Y are expressed in

and si

ation

Q and
egrals
to use

Thus

and v
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2 2 2

Y . 28 0 v AN
5.4) D=t ygmw vzt O+ P 5w s
ou ov
5.5) D28 = (1mutv) ™ (14utv) TBDY (1mutn) ¥ (14uv) B
2 2
= (—u2+v2+2v+1) -3—2— + (—u3+uv2+2uv+u) 593V
du
2 3.2 _ a2 2
+ (~u vV +2vT+Y) —5 + [(a=B)(u™~2v-2)
ov

+

(a+g+2) (uv-u)] 5% + [(G+B+Y+%)(—u2+2v)

+ (a—=B) (uv-u) + (20c+26+¥4]—21-)v2 + (Y"%)] 3—3\;

-+

[ (a-B) (oc+B+Y+~§-_)u + (0+B+2) (a+B+Y4~g-)v

-+

(oc--B)2 + (Y"—;)(OL+B+2)]

a,B

+ Y pe given by (5.4)

EMMA 5.2, Let the operators DI and D
et (n,k) ¢ N. If k > 0 then

k k-1

un-kvk) = k(n+y+%)un— v + polynomial of dey

5.6) DY (

than (n-1,k-1) ,

5.7) Da,B,y(un-kvk-l n-kvk

. ) = (k+a+8+1)(n+a+8+¥+§9u

+ Ppc
degree less than (n,k).

irthermore

1.8) pY " = n(n-1) u g

5.5).

tal of
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A 5.3. Let q,B,y > —1. For arbitrary polynomials p(u,v) and q(u,v) it

s that

) JJ (DI p(u,v)) q(u,v) ua+1’B+I’Y(u,v) du dv
R

= JJ P(u,V)(Di’B’Yq(u,V))ua’B’Y(u,v) du dv .
R

Lemma 5.2 follows immediately from (5.4) and (5.5). Lemma 5.3 fol-
from Lemma 5.1 by using (3.11).

REM 5.4. Let a,B,y > -1 and (n,k) € N. Then

k(n+y+}) pzi:’if}’Y for k > 0

0) :D‘Y pa’B”Y = ?

- “n,k

' 0 for k = 0 ,

a,Byy _at+l,B+1l,y _ 3 OBy
D D, Pn-1 k-1 (kta+B+1) (nta+Biy+3) p for k > 0 .
f. By Lemma 5.3 we have

Y _0sB,Yy _otl,B+l,y a+l,B+l,y

2) JJ (D_ pn,k ) pm’1 u du dv

R

= ayBsY a,B,y _at+l,B+1,y ayByY
JJ pn,k (D+ Pm,l ) u du dv .
R

‘'0ollows from Lemma 5.2 that DZ pz’E’Y(u,v) is a polynomial which has
H

‘ee (n-1,k-1) if k > 0, degree not larger than (n-2,n-2) if k = 0,

2, and which is the zero polynomial if k = 0, n = 0 or 1. Similarly

yY _at+l,B+1
pm,l

it we prove (5.10) for k > 0. Let (m,1) < (n-1,k-1) in (5.12). Then the

it hand side of (5.12) is equal to zero by the orthogonality property
0,B,Y

’Y(u,v) is a polynomial of degree not larger than (m+1,1+1).

‘he polynomials with respect to the weight function u




‘hus the left hand side of (5.12) vanishes. By using the orthogonality
roperty of the polynomials with respect to the weight function ua+1’8+1’Y
.t follows that DI pi:s’y = const. pii::Ei}’Y and the constant is given

7y (5.6). If k =0, n 2 2 then (5.10) follows by choosing (m,1) < (n-2,n-2)
n (5.12). Formula (5.10) is evident if (m,k) = (0,0) or (1,0). Formula
5.11) can be derived in a similar way as (5.10) by putting

n,k) < (m+1,1+1) in (5.12). Q.e.d.

Let the fourth order partial differential operator D;’B’Y be defined

0sBsY _ nQsBsY LY

OROLLARY 5.5. Let a,B,y > =1 and (n,k) ¢ N. Then

5.14) Da’BsY pa,BsY

3
2 ok = k(k+a+6+l)(n+Y+%)(n+a+B+y+§) Pg:i:Y .

We conclude this section by expressing the operator D, in terms of s

2
nd t. It follows that
@8,y _ ! 2 3,0 2
5.13) Dy & (5500w, (5, 0) L35 (wy(ssthg + 53w, (s,t) 5]
Wl(S,t) 5

] ] ]
. ;;TE:ES'[EE (WZ(S,t) 3;9 * 3¢ (WZ(S’t) 3;] s

lere

2B+1

. . 20+1
Wl(s’t) = (sin is sin it) (cos is cos it) s

(sin $(t+s) sin L(e-s))2Y*1 |

wz(s,t)

)yserve that

D2 = —~ + terms of order less than four.
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The algebra of differential operators generated by D1 and D2

In the previous sections we have obtained two differential operators

nd D, for which the polynomials pa’s’Y
2 n,k

ral problem to find the general form of the differential operators

h admit the polynomials pz’i’Y
H

are eigenfunctions. It is a

as eigenfunctions. This question will
onsidered in the present section.
From now on it is supposed that the parameters a,B,y are fixed and

er than -1. We shall write Po ok instead of pi’i’y
td b

A 6.1. Let the differential operator

9 ..m=1,3 .1
) D = ) a (u,v)(z=) (=
(m,1)S(n,k) % dut v

t the polynomials P, 1(u,v) as eigenfunctions. Then D is completely
]
rmined by the eigenvalues of p , (m,1) £ (n,k), and a (u,v) is a
m,1l m,1

momial in u and v of degree not larger than (m,1).
f. Let D pm,1 = Am,l pm,l' Then
ao’o(u,v) = AO,O s

—~1)11°? =
(m-1)11! am’l(u,v) Am,l pm’l(u,v)

9 \H=A,0 A
- ) a (V) T p L (u,v)
(u,\)<(m, 1) HoA du ov m,1
; recurrence relation completely determines the coefficients a_ 1(u,v).
H
‘ollows by complete induction with respect to (m,1) € N that a 1(u,v)
H]

i polynomial in u and v of degree not exceeding (m,1). Q.e.d.

JLLARY 6.2. Let D and D' be two differential operators which admit the

rmomials (u,v) as eigenfunctions. Then DD' = D'D .
pn,k

fA 6.3. Let the differential operator D be given by (6.1), where the
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roefficients a 1(u,v) are polynomials in u and v. Let D be transformed in
H)

:erms of s and t, u = cos s + cos t, Vv = cos s cos t, and write

p= ] b0, (0 e

i+j<n

‘hen the functions bij have unique extensions to one-valued analytic
unctions, regular for all complex s and t except possibly on the lines
in s = 0, sin t = 0, sin }(s+t) = 0 and sin }(s-t) = 0. The operator'D
.8 invariant under the reflections

sy,t) > (-s,t), (s,t) > (s,~t) and (s,t) » (t,S).

roof. The Lemma follows by

5 .m-1,3 .1 _
am’l(u,v)(sao (3;) = am’l(cos s + cos t, cos s cos t)

cos s jl_+ cos t jLJm-l
sin s(cos t = cos s) 9s sin t(cos s = cos t) ot

1 0 1 9 41
- — - —— .
sin s(cos s = cos t) 9s sin t(cos t - cos s) ot

Q.e.d.

EMMA 6.4. Let D be a differential operator of order m which admits the

olynomials P k(u,v) as eigenfunctions. Then in terms of s and t the
9

perator D equals

m
6.2) D = Z c (ildm l(jL)l + terms of lower order with constant
1=0 1%9s ot

coefficients cq e

roof. By Corollary 6.2 D commutes with Dl and D2. We have

82 82

D, = —= + —= + terms of lower order ,
1 2 2
ds at
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4
D2 = ——%———-+ terms of lower order .

ds ot

D be given by (6.2), where c, = cl(s,t) may depend on s,t. The

shing of the terms of order m+l in the operator DD1 - DlD implies that
iL-c (s,t) + 2 c (s,t) =0 1<1<m
s 1°7? ot 1-1'77? ’ - - ’
3 =
S_S. CO(S’t) =0,
9 -
3T cm(s,t) =0 .
vanishing of the terms of order m+3 in the operator DD, - D,D implies

2 2

I
—
I
B

) ’ 2 _
3t cl(s,t) t 53 cl_](s,t) =0, 1

|
o
-

3 =
3T co(s,t)

3 -
Y cm(s,t) =0 .
b>llows that iL-c (s,t) =0 = il-c (s,t) 0<1l<m
ds 17° ot 1°7*77? - - *
2 the coefficients c, are constants. Q.e.d.

1

Clearly, each differential operator D which is a polynomial in the
iting differential operators Dl and D2 admits the polynomials P, i 28

H]
afunctions. We can now prove the converse statement.

EM 6.5. Let D be a differential operator which admits the poly-
als P, ) @S eigenfunctions. Then D can be expressed in one and only
b

vay as a polynomial in the operators D, and D2'

1
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roof. Suppose that there exist differential operators admitting the
>olynomials Pn,k as eigenfunctions which can not be expressed as poly- ’
1omials in D1 and D2. Let D be such an operator of minimal order m.

‘he operator D can be written in the form (6.2). Since D satisfies the
symmetries mentioned in Lemma 6.3 the mth order part of D must be a
symmetric polynomial (g%)z and (g% 2. Then there exists a polynomial Q

.n two variables such that the operator Q((é%)z + (jLOZ,(ggoz(g%Qz) is

:qual to the mth order part of D. Hence D - Q(Dl,Dzitis a differential
)perator of ordef less than m which admits the polynomials Pn,k(u’v) as
vigenfunctions, so D - Q(D],Dz) is a polynomial in D1 and D2 and, there-
‘ore, D is a polynomial in D1 and Dz. This is a contradiction. It follows
hat each operator D admitting the polynomials pn,k as eigenfunctions is
:qual to a certain polynomial Q(DI’DZ)'

ext we have to prove that the polynomial Q is uniquely determined by D.

et Q(DI’DZ) = 0 and suppose that Q is not the zero polynomial. Then

n [4m] _
Q(u,v) = ) § o1 o211
m=0 1=0 ™

here not all the coefficients c 1 1 =0,1,...,[in] are zero.
9

t follows that

n [im] 32 2 -
Q(D],Dz) = z ) ¢ (——7 =+ first order operator)
m=0 1=0 9s ot

21
m,1

32 32 1
. (——7-——5 + third order operator)
s~ ot

) 3~ n-21 ) ) 1
G—-f + =) (— —

3
[in] 2 2 2 .2

_ i o
= 9s ot 3s” ot

+ operator of order less than 2n .

ince Q(DI’DZ) = 0 the nth order part of Q(DI’DZ) vanishes, hence ¢ =0

n,1
rx 1 =0,1,...,[4n]. This is a contradiction. Hence Q is the zero
b4

>lynomial if Q(DI’DZ) is the zero operator. Q.e.d.
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